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scholarships should be provided to enable any poor child 
who has passed the standards to continue his education 
either in the school or elsewhere. We do not say that 
such scholarships should be universally provided out of 
the present grant, but they would be a most proper 
object to which to apply part of the surplus which will 
be handed to many schools over and above the fee 
equivalent. These considerations suggest another pos¬ 
sible way of dealing with the surplus grants. The 
great object of those who are interested in the develop¬ 
ment of higher elementary, technical, and secondary 
education should be to strengthen instead of weakening 
the connection between primary and higher schools. It 
is to be feared that any provision for freeing elementary 
schools up to a certain point or a certain age, will tend 
to sever rather than to unite the two grades of schools, 
unless the flow between them is at the same time stimu¬ 
lated by the establishment of free scholarships or in other 
ways. A free (or partly free) elementary school is not 
the ultimate ideal. We want a free road kept open to the 
University. Is it too late to throw out the suggestion 
that school managers receiving a fee-grant in excess of 
the amount previously received in fees should be required 
to use the surplus for an object akin to that contemplated 
by the main provisions of the Bill—viz. the extension of 
free education for selected scholars beyond the narrow 
limits of the primary schools, in other words the provision 
of continuation scholarships? Up to a short time ago 
it would have been replied that in many cases there were 
no higher institutions accessible, but the application of 
the Local Taxation grant to technical and secondary 
education is fast changing all that, and a proposal which 
a few years since would have been unfeasible is now well 
within the range of practical politics. 


DIFFERENTIAL AND INTEGRAL CALCULUS. 

Differential and Integral Calculus , with Applications. 
By Alfred George Greenhill, M.A., F.R.S. Second 
Edition. (London : Macmillan and Co., 1891.) 

ROF. GREENHILL is known to the academic 
world as an accomplished mathematician who 
has powerfully helped to advance certain branches of 
applied mathematics ; he is also known to the readers 
of Nature as a friend (militant) of the practical man. 
We say at once, in all sincerity, that we sympathize 
with Prof. Greenhill in both his capacities. The volume 
on the infinitesimal calculus now before us, although 
professedly a second edition, is in reality a new work, 
addressed to the special needs of the practical man by 
his mathematical friend Prof. Greenhill. 

Of many of the author’s didactic innovations we highly 
approve. The treatment of the differential and integral 
calculus together from the very beginning is a piece of 
sound method, the introduction of which has been delayed 
merely by the bad but not infrequent practice of separat¬ 
ing the two as examination subjects. The introduction of 
the hyperbolic functions to systematize the integrations 
which can be performed by means of the elementary trans¬ 
cendents, has been, as we can testify from experience, a 
great help in elementary teaching. The admirable “ chap¬ 
ter in the integral calculus''’ which was published separately 
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in an extended form same years ago, and is now con¬ 
densed and simplified in a separate chapter at the end of 
the work under review, is the most important addition to 
the teaching material of the integral calculus that has 
been made for a long time ; that chapter alone is worth 
the price of Prof. Greenhill’s book. The plan of drawing 
the illustrations of the subject from departments of pure 
and applied mathematics with which the learner may 
afterwards have to do is also excellent. Finally, there 
blows through our author’s pages that inimitable fresh¬ 
ness which emanates from the man wdio is familiar with 
much that is newest and best in his day, who does not 
merely make extracts from books, but who speaks of 
things in which he has taken a part. This freshness can 
only be compared to that agreeable odour which inland 
people tell us comes from mariners and others who cross 
the aea from strange lands. Like these same mariners, 
our author produces from his pockets strange and 
puzzling curiosities, such as reciprocants, tide predicters, 
Schwarzian derivatives, Mehler’s functions, to delight 
and to dazzle the learner. It is true he tells but little of 
these things ; still, it is pleasant to look at them; and 
they make us happy under our present toil by leading us 
to think that we too may one day visit the country where 
these pretty things are at home amidst their proper sur¬ 
roundings. 

Where there is so much to praise we are truly sorry to 
insinuate the bitter drop of blame ; but, much as we 
love and follow Plato, something must be conceded to 
truth. In the first place, we think that in this second 
edition the introduction of heterogeneous illustration has 
been overdone. The fundamental rules of the infinitesimal 
calculus are really very few in number, and the practical 
man’s friend would do well to impress that upon him at 
the outset, instead of scattering these principles through 
a large volume, and overlaying them with thick masses of 
disconnected application, to such an extent that poor Mr. 
Practical-Man is in danger of losing his tools among the 
shavings, or, to use a metaphor which Prof. Greenhill’s 
pupils might prefer, of not seeing his guns for smoke. 
Prof. Greenhill must recollect that the man that sits 
down to read his book is not all possible practical men 
rolled into one, but one poor practical man—say, an 
engineer—who wants some knowledge of the infinitesimal 
calculus, and who will find many of the illustrations more 
indigestible than the principles of the calculus itself. 
Would it not be better for the practical man, as well as 
for any other man, to have the few leading principles of the 
calculus set before him with an adequate but moderate 
amount of illustration of a uniform geometrical kind, and 
not to be dazed by a flood of oracular statements about 
soap-bubble films, tide-p edicters, &c., in the course- 
of his initiation ? Such digressions are most useful now 
and then in a lecture ; they serve to give picturesquene-ss 
to the discourse, and help to fix the attention of the 
hearer: but vve think that too many of them destroy the 
usefulness of a text-book, the object of which is quite 
different from the purpose of a lecture. 

The matter we have just been criticizing may, perhaps, 
be held to be one of taste ; and vve cheerfully admit that 
much should be allowed to a writer of strong individuality. 
After all, we love to have the author in his book. There 
is another matter, of more importance, on which we 
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would appeal to Prof, Greenhill. When a man, so able 
and unconventional as he, writes a book of 455 pages on 
the infinitesimal calculus, is it too much to expect that he 
will everywhere give a thorough discussion of its few 
fundamental principles, that he will rigorously prove what 
he professes to demonstrate, and honestly point out what 
he assumes without demonstration ? We certainly ex¬ 
pect him to root out of the subject every trace of the 
sham demonstration—that wily artifice of the coaching 
and examining days of our dear old alma mater— which 
used sometimes to be dignified by the name of the 
“ short proof.’' This used, to be employed when we 
had on hand the establishment of some proposition which 
was not universally true (although usually so enunciated), 
or which had exceptions too tedious to enumerate in an 
examination. The method was to make a kind of precis 
containing as few words of intelligible English as pos¬ 
sible, but a considerable sprinkling of ingeniously con¬ 
structed but unexplained symbols and formulse ; so that 
an examiner of average conscience, suspecting that the 
truth was not there, might nevertheless, without mental 
distress, make believe that it was there, and award the 
coveted marks. 

We complain that Prof. Greenhill should countenance 
the slipshod exposition of elementary principles which is 
the bad feature of so many of our English mathematical 
text-books. Having started his furrow, he should have 
ploughed to the end. He may retort that he has adhered 
to the traditional usage out of consideration for the weak¬ 
ness of the practical man, who abhors sound logic quite 
as much as his academic brother. Cruel consideration 
for the practical man 1 for what he wants above all is a 
firm grasp of the fundamental principles of the calculus ; 
he has rarely any use for the analytical house of cards, 
composed of complicated and curious formulas, which the 
academic tyro builds with such zest upon a slippery 
foundation. 

It would take up too much of the columns of Nature 
to give all the examples that might be adduced of the 
laxity we complain of. A few must suffice. We are told 
in § 1 that the “calculus to be developed is the method 
of reasoning applicable to variable quantities in a state of 
continuous change ;yet no definition or discussion of 
“ continuity " is given : the word, so far as we can find, 
does not occur again in the first chapter, although it is 
the keynote of the subject. “Newton’s microscope,” for 
example, is quoted in § 9, as a proof of the theorem 
Z?(chord/'arc) = 1 ; but the essential condition, “ in medio 
curvaturas continue,” which makes it a proof (if proof be 
the word that describes its purpose) is omitted. Although 
the differential calculus is merely a piece of machinery 
for calculating, and calculating with limiting values, a 
limiting value is not defined ; nor is there any discussion 
of the algebra of limiting values —a matter which has 
puzzled beginners in all ages, and which has stopped many 
on the threshold of the calculus. It is true that we are 
referred to Hall and Knight’s “ Algebra,” but what we 
find there is little to the purpose, and certainly could 
never have been meant by its authors as a foundation 
for the differential calculus. 

In § 16 we are given a quantity of elementary instruc¬ 
tion, in the middle of which the trigonometrical functions 
are inadequately defined ; but nothing adequate is said 
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regarding the sense in which the many-valued functions 
sin'br, cos _1 ur, &c., are continuous: and in § 25 the 
beginner is led by implication to believe that d{ sin'Lrj.o/.r 
is always + 1/ N /(t - X s ), and d{cos~ l .v);d.v always 
— i/\/(l - x % ) ; although this is not so, and the point 
is one that is of the greatest importance in the integral 
calculus, and is a standing rock of offence for learners. 
In § 28 we have, reproduced “ for the sake of complete¬ 
ness,” the time-honoured “ short proof ” of the existence 
of the exponential limit, which proof is half the real 
proof plus a suggest io falsi. If the proper proof (a very 
simple matter) was thought too much for the reader, then 
it would have been better simply to tell him the fact, and 
not to corrupt his intellectual honesty by demanding his 
assent to a piece of reasoning which is not conclusive. 
§ 31 is no better ; what, for instance, does Prof. Greenhill 
mean, after proving that exp n = c", where n is a positive 
integer, by saying, “ and thence generally by induction^ 
exp x = c* for all values of x.” It would scarcely be 
possible to write down a statement to which more excep¬ 
tions could be taken unless “induction” is a misprint for 
“ assumption.” 

The chapter on the expansion of functions is not satis¬ 
factory. We are first introduced to “a general theorem 
called Taylor s theorem, by means of which any function 
whatever can be expanded [in ascending powers of xV’ 
Prof. Greenhill knows as well as we that there is no such 
theorem. No theorem ever to be discovered will expand 
in ascending powers of x, 1 jx, *Jx, log r, or any function 
which has x = o for a critical point. Why does our 
author hide his light from the reader ? Does it make the 
apprehension of Taylor’s theorem any easier to enunciate 
it falsely? We are told in § U4that “ some functions, 

for instance sec'br,.cannot be expanded in an 

infinite series in ascending powers of .r, because x must 
be greater than unity, and the expansion by Taylor’s or 
Maclaurin’s theorem would he divergent, and the theorem 
is then said to fail.” 

“ This difficulty will be avoided if we can make the 
series terminate after a finite number of terms.” 

We would not advise the practical man to try to over¬ 
come the difficulty of expanding secbr by the method 
thus indicated (use of Maclaurin’s theorem with the 
remainder), because the result might be that the bond of 
amity struck in the preface between him and the author 
would be broken. All the king’s horses and all the king’s 
men will not get over this difficulty. Incidentally we are 
told in § 112 that a rigorous proof is given in treatises on 
trigonometry of the resolution into factors of sin t) and 
cos 6 . If standard English treatises, such as Todhunter, 
Locke, and Johnson, are meant, this is not true : the 
demonstrations they give are unsound. Mr. Hobson’s 
article on trigonometry in the “ Encyclopaedia Britan- 
nica ” is the only separate English treatise on trigono¬ 
metry of which we are aware where a sound proof can be 
found. 

When so many novelties of less importance are noticed, 
surely our author might have found a place for a reference 
to the theorem that puts the expansibility of a function 
in ascending powers of x in its true position, viz. Cauchy's 
theorem that every function is so expansible within a 
certain region surrounding x = o, provided x = o be 
not a critical value. Considering the great importance 
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of the fact, and its close connection with the applications 
of mathematics to physical problems, some mention 
might have been made of the importance of the critical 
points of a function in determining its value. A full 
discussion of such things is doubtless impossible in an 
elementary treatise ; but the reader should at least be 
warned that what is given regarding the expansion of 
functions in power-series is a mere fragment of what is 
known on the subject. The tendency of Prof. Green- 
hill's chapter on the expansion of functions certainly will 
be to suggest to the mind of a beginner wrong general 
notions on the subject. 

In § 126 we have two proofs given that 

y)jdxdy — d l f[x, yj/Sy&x, 

both of them insufficient ; for the one rests on the assump¬ 
tion that f(x + h, y + k) can always be expanded in 
an integral ^-/r-power-series, the other on the assump¬ 
tion that 

L L x( 4 ^) = L L X\ h A), 

h — o k ~o k — o 4 = o 

both of which propositions are liable to exception. 

In the discussion of single and double integrals, no hint 
is allowed to reach the reader of the necessity of con- 
vsrgency as a condition of their having any meaning at 
all, of the precautions that must be observed in differ¬ 
entiating them, or in altering the order of integration, 
and so on. Still, the reader is given a proof of Green’s 
theorem. What use this is likely to be to one ignorant 
of the fundamental character of the convergency and dis¬ 
continuities of multiple integrals, upon which many of 
the most important applications of the theorem in ques¬ 
tion depend, it is not easy to see. Too much of the 
work before us bears, in fact, the character of a hurriedly 
written precis or syllabus of lectures ; witness, for ex¬ 
ample, the oracular character of §§ 146, 151, 152, &c. 
Our author makes enormous demands on the intelligence 
of a beginner if he expects him to follow and understand 
exposition so elliptical. 

One more example of the thing we complain of. In 
§ 183 we are introduced to Fourier’s series. No proof is 
given (none was to be expected in an elementary treatise) 
of the conditions under which the expansion is possible, 
but it ought to have been stated that there are such con¬ 
ditions. Moreover, the method given for the determina¬ 
tion of the coefficients is a mere memoria technua for 
recollecting them. It has no demonstrative force, be¬ 
cause, as the author must be very well aware, it is not 
unconditionally allowable to replace the integral of an 
infinite series (even if it be convergent) by the sum of the 
integrals of its separate terms. In order that this may 
be admissible, the series must be uniformly convergent. 

Seeing that the world is very evil, and not to be mended 
in a day, we must put up with such things in the ordinary 
writer of English text-books, who caters for the victims 
of our manifold examinations ; but in a pillar of mathe¬ 
matical society like Prof. Greenhill they are “most tolerable 
and not to be endured.” A work with his name on its back, 
and the impress of his vigorous personality on its pages, 
will not remain long in a second edition. If he would 
be at once the friend of the practical man, and a well- 
deserver of the mathematical republic, let him, when the 
third edition is called for, reduce his elementary work to 
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the compass of the first edition or less, and replace all 
half demonstrations by honest statements of fact ; and 
let him, meantime, -write a larger work, to which he can 
refer the elementary reader who takes for his motto, 
“ Thorough G. C. 


THE GEOLOGY OF THE COUNTRY ROUND 
LI VERPOOL. 

Geology of the Country around Liverpool. By G. H. 

Morton, F.G.S. Second Edition. (London : Philip 

and Son, 1891.) 

N this work Mr. Morton has entirely re-written the 
“ Geology of the Liverpool District,” first published in 
1863, by the light of the various discoveries made since 
that time, and especially of the Geological Survey maps 
and memoirs. He has succeeded in making a compact 
and well-printed hand-book, which will be of great service 
to the students of the local geology. The area described 
extends to about 20 miles from Liverpool on every side, 
excepting the sea on the west. The strata which he 
describes range from the LTpper Silurians of the Vale of 
Clwyd through the Carboniferous, Permian, and Triassic 
rocks, down to the recent alluvia. To a geologist the 
chapter relating to the Carboniferous rocks of North 
Flintshire and the Vale of Clwyd will be of great interest, 
as it shows the thinning off of the strata as they approach 
the ancient Carboniferous land of North Wales. The 
Carboniferous Limestone, over 3000 feet thick in North 
Lancashire, is reduced to 1700 feet in North Flint and 
the Vale of Clwyd ; while the Yoredales and Millstone 
Grits, over 9000 feet thick between Clitheroe and Burnley, 
are represented by the Cefn-y-Fedw Sandstone, 370 feet. 
The Lower and Middle Coal-measures, too, of South- 
West Lancashire, 3180 feet thick, have dwindled down to 
no more than 1000 feet as they approached the Welsh 
Silurian Hills. It is therefore obvious that the Snow- 
donian area was dry land while the Carboniferous sea 
occupied the areas of Lancashire, Derbyshire, and 
Cheshire, and that it also overlooked the forest-covered 
morasses, now represented by the coal-seams of the same 
region in the Upper Carboniferous age. In the table of 
the rocks (p. 6) Mr. Morton gives 300 feet as the thick¬ 
ness of the Millstone Grit in South-West Lancashire. It 
is probably much more than this, and not much less 
than 2000 feet. Mr. Morton also, we may remark, under¬ 
states the thickness of the Keuper Marls, which he puts 
down at 400 feet (p. 75). In the Lancashire and Cheshire 
plain it is 700 -j- feet, and is estimated by Prof. Hull at 
3000 feet. 

Mr. Morton, in dealing with the deep boring at Bootle, 
made in 1878, under the advice of the writer of this 
review, is mistaken in supposing that it was aimed at the 
water in the Permian Sandstone. It was intended to 
strike the water in the Lower Bunter Sandstones, and to 
draw upon the enormous area of water-bearing strata in 
the Lancashire and Cheshire plain, which have their 
outlet seawards between Prescot and the estuary of the 
Dee. It is very likely that the Permians are not repre¬ 
sented under Liverpool. We expected to strike the Coal- 
measures at 1000 feet. The boring was successful, both 
from the geological and the engineering point of view. It 
proved that the Lower Bunter Sandstones below the top 
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